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Abstract 
In terms of the Fuzzy Lyapunov method, this work proposes stability conditions for fuzzy logic control (FLC). Their 
application for chaotic systems can be approximated by the Tagagi-Sugeno (T-S) fuzzy model. The fuzzy Lyapunov 
function is defined as a fuzzy blending of quadratic Lyapunov functions. External forces or disturbances are not 
considered in the controlled systems. In the design controller procedure, a parallel distributed compensation (PDC) 
scheme is utilized to construct a global FLC by blending all linear local state feedback controllers. The stability 
criteria are found not only for fuzzy modeling but also for a real chaotic system. Furthermore, this controller design 
problem can be reduced to a linear matrix inequality (LMI) problem by use of the Schur Complements. Efficient 
interior-point algorithms are now available in Matlab toolbox to solve this type of problem.  
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
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1. Introduction  
Since Zadeh (1965) proposed using a linguistic approach to simulate the thought process and 
judgement of human beings, many successful works have been carried out in both industrial and 
academic fields (see Nesterov and Nemirovsky, 1994; and Boyd et al., 1994 and the references therein). 
However, there have been few studies related to mathematical theory and systematic design. In 1985, 
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Takagi and Sugeno proposed a new concept for a fuzzy inference system, called the Takagi–Sugeno (T-S) 
fuzzy model. The history of T–S fuzzy-model based control goes back almost three decades (Tanaka et al., 
2009). This kind of fuzzy model combines the flexibility of fuzzy logic theory with rigorous 
mathematical analysis tools in a unified framework. It becomes simple to use conventional linear system 
theory for analysis because linear models are employed in the consequent parts. Since its development, 
various kinds of T-S fuzzy model based controllers have been designed (see Tanaka and Sano, 1994; 
Tanaka and Kosaki, 1997 and the references therein). In this type of fuzzy model, the local dynamics in 
different state space regions can be represented by a set of linear sub-models. The overall model of the 
system then involves a fuzzy “blending” of these linear sub-models. In the early 1990s, the issue of 
stability for T–S fuzzy control systems was extensively investigated within the stability framework and 
for the stabilization of nonlinear systems. From that time on there has grown a large body of literature 
describing the successful application of different nonlinear controlled systems (see Tanaka et al., 2009 
and the references therein). In particular, there has been a flurry of research activities applying the linear 
matrix inequality (LMI)-based approaches. These results range from elegant stable, optimal, uncertain, H 
infinity and robust control to the more recently advanced nonlinear control paradigms. In LMI-based 
design approaches, a numerical solution is obtained by convex optimization methods such as the interior 
point method for example.  
The rest of this paper is organized as follows. First, in order to model nonlinear systems, the T-S fuzzy 
modeling is briefly reviewed along with the use of the PDC scheme to construct a global fuzzy logic 
controller. Then, the stability conditions derived from single Lyapunov functions and fuzzy Lyapunov 
functions are proposed for a nonlinear system with external disturbances.  
2. T-S Fuzzy Model for Nonlinear Systems 
The fuzzy-model-based control methodology (Tanaka et al., 2009) provides a natural, simple, and 
effective design approach for the integration of other nonlinear control techniques. Moreover, there is no 
loss of generality when using the T–S fuzzy control design framework, because it has been constructed so 
that any smooth nonlinear control system can be approximated by T–S fuzzy models. Therefore, the 
discussion of modeling error problems has often been omitted in the literature. In this section, we discuss 
the T–S fuzzy model which is described by fuzzy IF–THEN rules and can be represented by the local 
linear input–output relations of a nonlinear system. The main feature of this model is to express the local 
dynamics of each fuzzy rule by a linear system model. The overall nonlinear fuzzy model of the system is 
achieved by the fuzzy blending of the linear system models. In this way, a nonlinear system can be 
approximated by the T-S fuzzy model. In this paper, we consider nonlinear systems that are represented 
as follows: 
2.1. T-S Fuzzy Model 
Plant Rule i:
IF iggi Mt zMtz is)(andandis)( 11 "
THEN )()()( tUBtXAtX ii   )(tI , ri ,,2,1 " ,                     
where i pM  ( gp ,,2,1 " ) is the fuzzy set; 
nRtX )(  is the state vector; mRtU )(  is the 
input vector; r  is the rule number; nni RA
u , mni RB
u ; )(~)(1 tztz g  are the measurable time 
varying quantities that may be states, measurable external variables, and/or time. The defuzzification 
process of the model can be represented as 
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2.2. PDC Design 
The fuzzy controller rules have the same premise parts as those of the T-S model. Linear control rule i
is derived based on the state equation (2) in the consequent part of the ith model rule. 
Control Rule i:
    IF iggi Mt zMtz is)(andandis)( 11 "
    THEN )()( tXFtU i , ri ,,2,1 " ,                             (3) 
where Fi is the local feedback gain matrix. The final control U is inferred using the Sum-Product 
reasoning method 
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where wi is the activation degree of the ith rule, calculated by 
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    By substituting Eq. (4) into Eq. (2), the models of the open-loop and closed-loop control system are 
obtained as follows: 
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Definition (Lu et al., 2003): LMI Formulation of the Design Specifications
  The linear matrix inequality (LMI) is any constraint of the form 
0)(
1
0 ! ¦
 
m
i
ii FvFvF ,                                              (7) 
where mm Rvvvv  ],,,[ 21 "  is the variable vector, and the symmetric matrices 
,,,0, miRFF nnTii "  
u  are given. It can be shown that the solution set ^ `0)(| !vFv  may be 
empty, but it is always convex. Thus, although (7) has no analytical solution in general, it can be solved 
numerically by efficient numerical algorithms. Many control problems can be reformulated into LMIs and 
then solved efficiently by recently developed interior-point methods (Boyd et al., 1994). 
3. Stability Conditions of Fuzzy Systems 
3.1. Single Lyapunov Function Approach 
    If the external disturbance is not considered, a typical stability condition for fuzzy systems (5-6) 
with and without PDC control can be proposed. 
Lemma 1 (Takagi and Sugeno, 1995): The equilibrium of (5) is asymptotically stable in the large if 
there exists a common positive definite matrix P such that 
                   0 i
T
i PAPA , for ri ,2,,1 " .                      (8) 
We should note that Eq. (5) depends only on iA . Lemma 1 gives a sufficient condition for ensuring 
stability of Eq. (5). 
Lemma 2 (Tanaka and Sugeno, 1992; Wang et al., 1996): The equilibrium point of (6) is 
asymptotically stable in the large if there exists a common positive definite matrix P such that 
                  0)()(  iii
T
iii KBAPPKBA ,                       (9) 
for all ri ,2,,1 "  and 
               0 i l 
T
i l PHPH ,                                 (10) 
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The above two lemmas can be represented in terms of LMIs. Thus, the stability conditions can be 
efficiently solved numerically by interior point algorithms. 
3.2. Fuzzy Lyapunov Function Approach 
    Here we define a fuzzy Lyapunov function and consider the stability conditions for nonlinear 
systems (1) as represented by Eq. (6). 
Definition 2: Equation (11) is said to be a fuzzy Lyapunov function for the Takagi-Sugeno fuzzy 
system (2) if the time derivative of ))(( tXV  is always negative at 0)( ztX .
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where iP  is a positive definite matrix. 
    Due to the fact that the fuzzy Lyapunov function shares the same membership functions with the T-
S fuzzy model of a system, the time derivative of the fuzzy Lyapunov function contains the time 
derivative of the premise membership functions. Therefore, how to deal with the time derivatives of the 
premise membership functions is an important point.  
    By taking the time derivative of Eq. (11), the following stability condition for an open-loop system 
(5) will be obtained: 
Theorem 1: The fuzzy system (5) is stable in the large if there exist common positive definite matrices 
rPPP ,,, 21 "  such that the following inequality is satisfied: 
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However, condition (12) cannot easily be solved numerically, because we need to consider the term of 
the time derivative )(thU . Eq. (12) is hence is transformed into the numerically feasible conditions 
described in Theorem 2 and the upper bounds of time derivative are used in place of the )(thU .
Theorem 2: The fuzzy system (5) is stable in the large if there exist common positive definite matrices 
rPPP ,,, 21 "  such that inequality UU Id)(th  is satisfied and  
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4. Conclusions 
This study presents stability conditions for a T-S fuzzy model obtained via fuzzy Lyapunov methods. 
The fuzzy Lyapunov function is defined by fuzzy blending quadratic Lyapunov functions. First, nonlinear 
systems are represented by the T-S fuzzy model. Then, the open-loop and closed-loop stability conditions 
are derived based on fuzzy Lyapunov functions in order to avoid conservatism. The stability problems are 
reformulated into linear matrix inequality (LMI) problems so as to deal with the time derivative of 
premise membership function analytically.  
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